A dynamical system is a triple (A, G, α
Introduction
The origin of this paper is the question of whether there is a way to translate the geometric concept of principal bundles to noncommutative differential geometry: The Theorem of Serre and Swan (cf. [Swa62] ) justifies to consider finitely generated projective modules over unital algebras as "noncommutative vector bundles ". Unfortunately, the case of principal bundles is not treated in the same satisfactory way. From a geometrical point of view it is, so far, not sufficiently well understood what a "noncommutative principal bundle" should be. Still, there are several approaches towards the noncommutative geometry of principal bundles: For example, there is a well-developed abstract algebraic approach known as Hopf-Galois extensions which uses the theory of Hopf algebras (cf. [Sch04] ). Another topologically oriented approach can be found in [ENOO09] ; here the authors use C * -algebraic methods to develop a theory of principal noncommutative torus bundles. In [Wa11] we have developed a geometrically oriented approach to the noncommutative geometry of principal bundles based on dynamical systems and the representation theory of the corresponding transformation groups. In particular, this last approach (re-) covers the classical theory of principal bundles and in this context the question came up under which (general) conditions a character on a fixed point algebra of a dynamical system can be extended to the original algebra. Our results include the class of so-called continuous inverse algebras which are encountered in K-theory and noncommutative geometry, usually as dense unital subalgebras of C * -algebras.
Preliminaries and Notations
All algebras are assumed to be complex if not mentioned otherwise. If A is an algebra, we write
(with the topology of pointwise convergence on A) for the spectrum of A. Moreover, a dynamical system is a triple (A, G, α), consisting of a unital locally convex algebra A, a topological group G and a group homomorphism α : G → Aut(A), which induces a continuous action of G on A. A unital locally convex algebra A is called continuous inverse algebra, or CIA for short, if its group of units A × is an open subset in A and the inversion map ι : A × → A × , a → a −1 is continuous at 1 A .
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Extending Characters on Fixed Point Algebras
We present some results on the extendability of characters on fixed point algebras of CIAs. In fact, we show that if A is a complete commutative CIA, G a compact group and (A, G, α) a dynamical system, then each character of B := A G can be extended to a character of A. In particular, the natural map on the level of the corresponding spectra Γ A → Γ B , χ → χ |B is surjective. The discussion is inspired by [NeSe09] , Lemma 3.1.
Lemma 2.1. Let A be a complete unital locally convex algebra, G a compact group and (A, G, α) a dynamical system. Further, let A G be the corresponding fixed point algebra. Then the following assertions hold:
(a) If I is a proper left ideal in A G , then A ε · I. Then 1 A ∈ A G implies that 1 A ∈ B · I = I, which contradicts the fact that I is a proper ideal of B. Thus, A fin · I is a proper ideal in A fin which contains I.
(b) Part (a) of the lemma and the definition of J imply that J is a closed left ideal in A fin which contains I. To see that J is proper, we again assume the contrary, i.e., that 1 A ∈ J. Then there exists a net (a α ) α∈Γ in A fin · I such that lim α a α = 1 A . Therefore, the continuity of the projection P 0 : A → A onto A G (cf. Theorem A.4 (a) applied to the equivalence class of the trivial representation) leads to
Since I is closed in A G and P 0 (a α ) ∈ A G · I = I for all α ∈ Γ, we conclude that 1 A ∈ I. This contradicts the fact that I is a proper ideal of A G . Thus, J is a proper closed left ideal in A fin which contains I.
Lemma 2.2. Let A be a complete unital locally convex algebra and A ′ be a dense unital subalgebra of A. If I is a proper closed left ideal in A ′ , then I is a proper closed left ideal in A ′ = A.
Proof A short calculation shows that I is a closed left ideal in A ′ = A. Next, we note that I = I ∩ A ′ . Indeed, the inclusion " ⊆ " is obvious and for the other inclusion we use the fact that I is closed in A ′ . Thus, if I is not proper, i.e., I = A, then I = A ′ which contradicts the fact that I is a proper ideal of A ′ . Hence, I is a proper closed left ideal in A.
Corollary 2.3. (Extending ideals)
. Let A be a complete unital locally convex algebra, G a compact group and (A, G, α) a dynamical system. Then each proper closed left ideal in A G is contained in a proper closed left ideal in A.
Proof If I is a proper closed left ideal in A G , then Lemma 2.1 (b) implies that I is contained in a proper closed left ideal in A fin . Since A fin is a dense subalgebra of A (cf. Proposition A.7), the claim is a consequence of Lemma 2.2.
Proposition 2.4. (Extending characters)
. Let A be a complete commutative CIA, G a compact group and (A, G, α) a dynamical system. Then each character χ : A G → C extends to a character χ : A → C.
Proof The kernel I := ker χ is a proper closed ideal in the subalgebra A G (cf. Lemma B.7 and Lemma B.10). Hence, Corollary 2.3 implies that I is contained in a proper closed ideal in A. In particular, it is contained in a proper maximal ideal J of A. According to Lemma B.9, J is the kernel of some character χ : A → C, i.e., J := ker χ. Since I is a maximal ideal in the unital algebra B and
Corollary 2.5. If P is a compact manifold, G a compact group and (C ∞ (P ), G, α) a dynamical system, then each character χ :
Proof This follows from Proposition 2.4, since C ∞ (P ) is a complete commutative CIA.
A. A Structure Theorem for Dynamical Systems with Compact Structure Group
We recall some results on the Fourier decomposition of dynamical systems (A, G, α) with compact structure group G. To do this in a great generality, we have to introduce the concept of G-completeness. This basically means, that we restrict our attention to locally convex spaces permitting integration.
Definition A.1. (G-completeness) . Let G be a compact group and V be a locally convex space. Then V is called G-complete, if there is a continuous linear map I :
where dg denotes the normalized Haar measure on G.
Remark A.2. By [Homo06], Proposition 3.30, every complete locally convex space is Gcomplete for any compact group G.
Remark A.3. (Source of examples). In the following we will be concerned with G-complete continuous representations (π, V ) of G. By the preceding remark, the class of all dynamical systems (A, G, α) with a complete unital locally convex algebra A and a compact group G is a source of G-complete locally convex G-modules.
We continue with a structure theorem on the general representation theory of compact groups. If G is a compact group, we write G for the set of all equivalence classes of finite-dimensional irreducible representations of G:
Theorem A.4. (The structure theorem of G-modules). Let G be a compact group and (π, V ) be a G-complete continuous representation of G. Further, for each ε ∈ G let χ ε denote the character of ε and d ε := χ ε (1 G ) the degree of ε (i.e., the dimension of ε). If
where v ∈ V and dg denotes the normalized Haar measure on G, then the following assertions hold:
(a) For each ε ∈ G the map P ε : V → V is a continuous G-equivariant projection onto the G-invariant subspace V ε := P ε (V ). In particular, V ε is algebraically and topologically a direct summand of V . From the preceding remark, we obtain the following proposition will be crucial for the following subsection:
Proposition A.7. (A fin as subalgebra). If A is a complete unital locally convex algebra, G a compact group and (A, G, α) a dynamical system, then A fin is a (dense) subalgebra of A.
Proof In view of Remark A.2 and Theorem A.4, it remains to show that A fin is a subalgebra of A: As a matter of fact, this is a consequence of Remark A.6 and
for a, a ′ ∈ A fin .
B. Some Results on Continuous Inverse Algebras
Continuous inverse algebras are encountered in K-theory and noncommutative geometry, usually as dense unital subalgebras of C * -algebras. For a compact manifold M , the Fréchet algebra of smooth functions C ∞ (M ) is the prototype of such a continuous inverse algebra. In this part of the appendix we recall some results on continuous inverse algebras which will be needed in this paper. For all proofs which are not presented in the following and for a general overview we refer to [Gl02] . with the topology of pointwise convergence on A. Moreover, each element a ∈ A gives rise to a continuous function a :
The function a is called the Gelfand transform of a. The map
is a homomorphism of unital complex algebras and is called the Gelfand homomorphism of the algebra A.
Remark B.5. (The spectrum of an element). At this point we recall that the spectrum of an element a in an arbitrary unital complex associative algebra A is defined as
Furthermore, the corresponding spectral radius of a is defined as r A (a) := sup{|λ| : λ ∈ σ A (a)}.
The following theorem is a generalization of the classical Gelfand-Naimark Theorem for commutative C * -algebras: Theorem B.6. In a complex CIA A, the following assertions hold:
(a) The Gelfand spectrum Γ A is a compact Hausdorff space.
(b) If A is commutative, then the Gelfand homomorphism is continuous with respect to the topology of uniform convergence on C(Γ A ).
Proof (a) By [Bi04] , Lemma 2.1.6 (b), every element a of A has non-empty compact spectrum. We choose λ ∈ C\σ(a) and χ ∈ Γ A . Since λ − a is invertible, the same holds for λ − χ(a), whence λ = χ(a). This proves that a(Γ A ) ⊆ σ(a). Therefore, the Gelfand spectrum is compact, because it is a closed subspace of the product
(b) A proof of this assertion can be found in [Bi04] , Theorem 2.2.3 (c).
Lemma B.7. If A is a complex CIA, then so is each closed unital subalgebra B of A.
Proof We first choose an element b ∈ B with spectral radius r A (b) < 1. Then 1 A −b is invertible and the Neumann series Lemma B.9. Let A be a commutative CIA and I a maximal proper ideal in A. Then I is the kernel of some character χ : A → K.
Proof Since I is disjoint from the open set A × , the same holds for its closure I, which is therefore a proper ideal. Maximality of I implies that I is closed. By Lemma B.8, the quotient A/I is a CIA. Since A is commutative, the quotient is a field. If A is a complex CIA, [Bi04] , Lemma 2.1.6 (d) implies that A/I is isomorphic to C. If A is a real CIA, [Bi04] , Lemma 2.1.6 (d) implies that its complexification 1 is isomorphic to C, hence A/I is isomorphic to R. In each case, I is the kernel of a character of A.
Lemma B.10. If A is a CIA, then each character χ : A → K is continuous.
Proof Let ǫ > 0. We choose a balanced 0-neighbourhood U ⊆ A which consists of quasiinvertible elements. Then χ(U ) ⊆ K is a disc around 0 which consists of quasi-invertible elements and hence does not contain 1. The image of the 0-neighbourhood ǫU ⊆ A under χ is a disc around 0 of radius at most ǫ. We conclude that χ is continuous at 0 and hence continuous.
Proposition B.11. If A is a continuous inverse algebra, then M n (A) is a continuous inverse algebra for every n ∈ N.
Proposition B.12. Let M be a compact smooth manifold and A be a continuous inverse algebra. Then C ∞ (M, A), equipped with the smooth compact open topology, is a continuous inverse algebra.
Remark B.13. The example C ∞ (R, R) shows that, if A is a continuous inverse algebra, C ∞ (M, A) need not have an open unit group.
Remark B.14. A sequence (x n ) n∈N in a locally convex space E is called a Mackey-Cauchy sequence if x n − x m ∈ t n,m B for all n, m ∈ N, for some bounded set B ⊆ E and certain t n,m ∈ R such that t n,m → 0 as both n, m → ∞. The space E is called Mackey complete if every Mackey-Cauchy sequence in E converges in E.
If E is sequentially complete, then E is Mackey complete. The space E is Mackey complete if and only if the Riemann integral 
